Abstract.
Buoyancy-driven convection in a differentially heated, sloping porous layer is studied theoretically. For small tilt angles, a linear analysis determines the critical Rayleigh number for an infinite layer. It is shown that the preferred mode of disturbance is stationary, being longitudinal rolls with axes aligned in the direction of the basic flow. A necessary condition for instability at arbitrary tilt angles is also derived. Applying the non-linear analysis in [11] to the longitudinal roll regime, the result for the Nusselt number is found to agree well with experiment. For a vertical model of finite extent, a boundarylayer analysis is performed. Satisfactory agreement with experiment is obtained for the interior temperature di8tribution and the Nusselt number. The applied method also includes some effects of a variable viscosity . This is shown to introduce asymmetry into the solutions. 
1.
Introduction.
This paper is concerned with free, thermal convection in a porous layer being tilted with respect to the horizontal. The layer is bounded by two impermeable perfectly conducting planes maintained at different temperatures, and laterally by rigid, insulating wallsw
Owing to the many geophysical and technical aspects of this type of flow, convection in a horizontal layer uniformly heated from below has been studied extensively for several years. Concerning sloping porous layers, however, published works are not numerous.
Most recently Bories and Combarnous [1] have studied this problem.
For a vertical porous layer, we further mention the works of Schneider [2] , Gill [3] , Chan, Ivey and Barry [4] and Klarsfeld [5] .
Due to the similarity between convection in a fluid with infinite
Prandtl number and porous convection, qualitative comparisons can be made with studies on inclined and vertical fluid layers, especially those by Elder [ 6] , Gill [ 7] , Liang. and Acri vos [ 8] and
Hart [ 9] . In the present paper we study both the longitudinal roll regime in a tilted layer and the boundary-layer flow in a vertical model. The method applied in the latter investigation is similar to that developed by Gill [7] for the analogous fluid problem.
In the present study the method is extended to include some effects of a variable kinematic viscosity. This is motivated by the fact that v in practice may vary considerably due to the large values of ~T often involved in this type of flow.
2. Governing equations.
Consider natural three-dimensional convection in an enclosed porous medium with rectangular, impermeable boundaries. The layer is tilted an angle Q with respect to the horizontal, and L and H are the thickness and the height, respectively, of the model ( figure 1 ). The width, in the y*-direction, is infinite. The lower and upper planes are taken to be perfect heat conductors and maintained at the temperatures ~T/2 and -~T/2, respectively, while the lateral boundaries are insulating.
Making the Bousinesq approximation, the equations of motion, heat and continuity can be stated as follows, respectively, where V1 2 = a 2 /ay 2 + a 2 /3z 2 , and the carets have been dropped.
The boundary conditions are u = a = 0 for x = ± ~
3.
Linear stability analysis for an infinite layer.
Consider infinitesimal disturbances. Then the non-linear term in (2.11) can be neglected. Let 
When <P is small, this system can be solved by expanding the variables after tg<P as a small parameter. However, equation (3.2) is nearly similar to that treated by Weber [10] (equation 3.10), except for a different sign in the last term and one additional term proportional to the square of the small parameter.
Accordingly the results for the present stability problem can be derived from the analysis in [10] . For the tilted porous layer problem we then obtain, (i) the principle of exchange of stabilities is valid when ~ is small, (ii) the ~ritical Here the brackets denote integration from x = -! to x = +!.
For a disturbance to grow, or--.in (3.5) must be positive.
Hence we obtain as a necessary condition for instability that
For ~ = 90° then,the basic flow is stable,as shown by Gill [3] .
This will also be the case for )0° ~ ~ ~ 180° (heating from above).
The stability of flow in a vertical porous layer is attributed to the lack of inertial terms in the equation of motion (thereby inhibiting shear-instability).
From (3.6) we note that an unstable longitudinal roll always is stationary. For a transverse roll the wave speed c is given i by c = cr /m. From (3.6) we then obtain the result that lei < ~ Ra sin~ = Wmax When sin ~ = o, we observe that the principle of exchange of stabilities is valid (which of course is well known).
4.
Non-linear analysis of longitudinal rolls. This system is identical to that governing two-dimensional convection in a horizontal porous layer, except that the acceleration of gravity is diminished by the factor cos ~. Hence the analysis of Palm, Weber and Kvernvold [11] can be applied directly to this problem, substituting g cos (P for g. Only the result for the Nusselt number will be given here. In figure 2 this result is compared with the experiments and the theoretical analysis by Bories and Combarnous [1] . We emphasize that (4.3) is valid for Ra and ~ such that effects due to the end-walls can be neglected. For the experiments in [1] where L/H = 0.075, this is shown to hold when ~ < 50° and ,.., Ra < 250.
Actually hexagones were observed in [1] for tilt angles less than about 15°, while longitudinal rolls took over for tp> 15°.
,..,
The preference of hexagones in a nearly horizontal layer, however, may be attributed to non-linear effects such as variation of v and Km with temperature (Palm [12] , Busse [13] )or time dependent boundary conditions (Krishnarnurti [14] ).
5.
Vertical layer or finite extent. where C is a dimensionless constant. A similar formula is given in [5] . (5.7) may also be derived by a simple order of magnitude analysis. -14 - To determine analytically the temperature distribution in the interior of the layer, a two-dimensional analysis must be performed. This is done in the next section in the limit of large Rayleigh numbers.
6.
Boundary-layer analysis for a vertical layer.
As confirmed experimentally in [1] and [5] , thermal boundary layers develop along the vertical walls, when Ra is large.
Accordingly V~e may perform a boundary-layer analysis of the problem. where ~ means of the order of.
From (5·1) a balance between buoyancy and vorticity yields (6.6) where vr is a reference viscosity.
We now introduce non-dimensional quantities by taking respectively (this sign convention will be adopted for the rest of the analysis, if nothing else is stated). On the vertical walls we have ~ = 0 and T = ± ~. When z ~ ± ~ the solutions must match solutions valid in the corners, and when x ~ ~ the solutions must match a solution valid in the core.
7.
The core solution.
Consider the solutions in the core. We assume that the scales of the stream function, temperature and vertical distance are the same as those in the boundary layers, while the characteristic horizontal length is taken to be L. In (6.1) the vorticity terms are respectively of order 6/L and oL/H 2 compared with the buoyancy term. These orders of magnitude are both small compared with unity where, as adopted, the plus and minus signs correspond to the leftand right-hand boundary layers, respectively. Analogous to Gill [7] , the nonlinear system (8. Analogous to Gill [7] we then take the inner solution to be valid at the horizontal end-walls, i.e. Finally it should be noted that the solutions have singularities in the corners (-~1,-~H) and (~L,~H). This is analogous to the result in [7] .
9.
Results and discussion.
In figures 3-6 T 0 , w 0 etc. are shown as functions of z.
For constant viscosity, ~ = o, (solid lines) the solutions exhibit centro-symmetrical properties. This is in accordance with the system of equations and boundary conditions for that particular case, and has been used explicitly by Gill [7] in his method of From figure 3 we observe that the interior temperature distribution is close to a straight line in the central part of the layer.
The plotted points are experimental values taken from Klarsfeld (8.37) . The experiments plotted in figure 3 gives approximately S = 0•69. For comparison we mention that Hart [9] has measured a gradient of 0•62 for the similar problem in a fluid layer.
The value of the stream function w 0 in the core is plotted in figure 4 . Introducing the horizontal core velocity u --w' , 0 0 we see that most of the mass flux across the core takes place near the upper and lower boundaries. This is in accordance with the observations in [5] . At the horizontal boundaries u 0 tends to infinity, and so does also the temperature gradient ( figure 3 ).
This occures because we have neglected the effect of boundary layers at the horizontal end-walls. Taking these into account, the velocity and temperature gradient will be modified.
In figure 5 the vertical velocities + w and w at the left-and right-hand walls respectively, are plotted as functions of z. In figure 6 a similar plot is done for the bounda~y layer thicknesses 1/:\.+ and 1/:\.-. We observet;tQt a variable viscosity results in a higher velocity and a·thinner boundary layer at the hot wall, and vice versa at the cold wall. This conforms to the observations by Elder [6] in a fluid slot. In ax X -L * * *--"2" (9.1) which is the ratio of the total heat transport to the heat transferred by pure conduction. Taking ~ = o, the integration yields For a vertical layer, the effect of the horizontal end-walls are taken into account. A boundary-layer analysis is performed using a method developed by Gill [7] for the analogous problem in a fluid slot. In the present paper this method has been extended to include some effects of a variable viscosity. This is shown to introduce asymmetry into the solutions. For the interior temperature distribution and the Nusselt number, satisfactory agreement has been obtained with the experimental results in [5] and [1] .
Finally it should be noted that for a boundary-layer analysis to be valid in a porous vertical layer, more conditions must be imposed than for the similar fluid flow problem. For both problems the magnitude a of the boundary layers must be much smaller than the horizontal and vertical extent of the model. For a porous layer, this leads to since we concentrate about H > L.
To use Darcy's law in the boundary layers, we also must require that the Reynolds number defined with respect to the characteristic grain diameter~ d, not exceeds unity. Defining a Reynolds number by (10.2) and substituting the value for z* = o, i.e. w* = Km H/2o 2 , the above requirement implies by Bories and Combarnous [1] for vario~ngles (0-60 ); ----, result from the theoretical analysis in [1] . •
